We propose a hydrodynamic model for pattern formation in mixtures of molecular motors and microtubules. Our model invokes a vector field describing the local microtubule orientation, and two scalar density fields associated to molecular motors which either attach to and move along the microtubule, or diffuse within the solvent. We present results for pattern formation in the background of two preformed aster-like configurations, placed symmetrically in the simulation box, in an attempt to mimic some features of patterns obtained in vivo.
Introduction
How do cells form self-organized dynamic structures at the micron scale? Such structures include the endoplasmic reticulum and the Golgi complex, membrane-bound organelles which participate in intra-cellular trafficking. The cytoskeleton, a cell-spanning network of long, fairly rigid polymers such as microtubules, actin filaments and intermediate filaments, is another such structure. The cytoskeleton lends the cell rigidity, enables crawling on substrates and defines tracks on which molecular motors can ferry cargo. It also plays a vital role in cell division.
Eukaryotic cells divide through a process which involves the formation of a mitotic spindle. This spindle, shown schematically in Fig. 1 , is a dynamic structure consisting of interpenetrating linear arrays of microtubules, each originating from microtubule organizing centres formed at two ends of the dividing cell. Microtubules are polar objects whose ends, labelled as þ and À; grow at different rates. The microtubule organizing centres stabilize the À ends of microtubules, so that the þ ends extend outward to form astral structures as shown in the figure.
The principal microtubule organizing centre in most animal cells is the centrosome. In a dividing cell, the centrosome first duplicates to form the two poles of a mitotic spindle. Each centrosome nucleates a radial array of microtubules called an aster. The two asters move apart to opposite ends of the cell as mitosis proceeds and microtubules in the region between them preferentially elongate, forming the mitotic spindle [1] . The spindle first aligns replicated chromosomes at the centre of the cell. Then, using molecular motors which interact both with chromosomes and microtubules associated to the spindle, these chromosomes are ferried to opposite ends of the cell. Once this is accomplished, this complex structure is dismantled and the mother cell pinches off in the middle, forming the daughter cells.
While the process of spindle formation is complex, experiments in vitro on simplified ''modules'' [2] for cytoskeletal organization by motors appear to be capable of generating a large number of the complex structures seen in vivo [3, 4] . Thus, concentrating on modelling these simplified components and their interactions may provide some insight into the detailed and far more intricate mechanisms by which real cells self-organize [5] [6] [7] [8] .
Pattern formation in mixtures of motors and microtubules requires large motor and microtubule densities and represents emergent structure over length scales exceeding molecular scales by several orders of magnitude. Capturing the details of cellular pattern formation in a molecular level simulation is hopeless, since state of the art simulations can today handle at most a single complex of a single motor with a microtubule. Further, detailed molecular simulations require knowledge of inter-particle interaction potentials in an aqueous and salt-rich environment. These potentials are typically obtained from a first-principles quantum mechanical calculation but are often imprecisely known and subject to errors. It may thus be fruitful to explore approaches which rely less on molecular scale knowledge [14] .
We describe in this paper, an attempt at understanding some of the essential features of pattern formation in mixtures of motors and microtubules. We approach this problem in the spirit of a hydrodynamic theory by writing down equations describing three coupled fields-a vector field describing the local orientation of microtubules and two scalar fields describing (a) motors which are bound to the microtubule and (b) motors which are free to diffuse in the solvent. While the total density of motors (bound þ free) is a conserved density, our model allows for the interconversion of free and bound motors, as in the cell. Bound motors act to orient microtubules, giving rise to large-scale structure and patterns defined on mesoscopic scales.
Our model is a coarse-grained one, in which molecular level details are subsumed into a few parameters in an equation of motion for quantities averaged over molecular length scales. Thus, the motion of a bound motor on a microtubule is characterized by an average speed for motion along the microtubule and a rate describing the frequency at which such a motor hops off from the tubule into the solvent. Motors which diffuse within the solvent are characterized by an isotropic diffusion constant as well as a rate at which they hop onto the microtubule to become ''bound''. The local orientation field of the microtubule is to be understood as obtained by averaging over a group of microtubules in its vicinity. Such coarse-grained hydrodynamical models are useful if they manage to capture the variety of different patterns obtained in the experiments as steady state solutions of the appropriate equations of motion. However, such models must be necessarily constrained by the following: the cell is both a finite system and a nonequilibrium one, requiring the continuous input of energy to survive. The model we describe here has both these features.
A model for pattern formation in mixtures of motors and microtubules which works with only two fields, representing microtubules and a conserved density of motors, has been studied recently by Lee and Kardar [9] . Our model is a generalization of the Lee-Kardar model; it shares several of the attractive features of that model and shows how these features may be generalized, while providing a richer parameter space for exploration. We summarize, further on in this paper, results we have obtained for our model and compare them with those of Lee and Kardar, but reserve details and additional results for a longer paper [10] .
We study pattern formation in a specific geometry-a rectangular simulation box in which we place two preformed nucleation centres for asters. These preformed centres, in our model, model the microtubule organizing centres of the two daughter cells from which microtubules emanate, forming the spindle.
Model
Our model describes the local orientation of the microtubule in terms of a two-dimensional vector field T. (We work in two dimensions for simplicity, since the in vitro experiments were also done in a quasi two-dimensional geometry, but stress that the equations we work with are equally valid in three dimensions.) The length of this vector has a preferred value. We ignore fluctuations in the density of microtubule, but generalizations of this model to allow for density fluctuations are possible.
Molecular motor proteins can either be bound to the microtubule and moving along it or freely diffusing in the ambient solvent. Bound motors are sensitive to the polarity of the microtubule and can be either þ or À end directed. (Kinesins are þ end directed motors, whereas cytoplasmic dyneins are À end directed.)
Our model treats motors attached to the microtubules differently from those which diffuse in solution. The corresponding fields for ''free'' and ''bound'' motors are denoted by m b and m f and obey different equations of motion. While the equation of motion for m b has a part which resembles a continuity equation, the equation for m f contains diffusive terms. These two fields are coupled through mechanisms which convert ''free'' motors to ''bound'' motors and vice versa. The equations they obey have the form ð Þ can be used to incorporate non-linear, ''crowding'' effects reflecting motor interactions at high motor densities. We will work here in the simple limit f m b ð Þ ¼ m b : The diffusion constant for free motors is D; while A sets the speed of bound motors.
The dynamics of the microtubule field contains stabilization terms which maintain a preferred value for the length of the microtubule. In addition, there are terms which describe the orientation of microtubules by motors. In principle, all terms allowed by symmetry should be included in this equation [12] . Retaining physically relevant terms of lowest order, we obtain the following equation
The first two terms govern the stabilization of the microtubules at a preferred length ffiffiffiffiffiffiffiffi = p : The third and fourth terms represent the alignment of tubules through their interactions with bound motors. (Such terms, when ¼ 0 ; are derivable through a functional differentiation of a ''free energy'' in which the stiffness to distortions of the T field is controlled by the local motor density.) The last term models a residual interaction between microtubules which is independent of the motors. Such a term is the analog of spin stiffness in the XY model, allowing the tubules to form an ordered phase in the absence of motors. For convenience, we choose 0 ¼ " and vary the parameter " to tune the relative strength of the two terms. We have dropped noise terms in the above equation but use weak noise in our simulations to ensure that the steady states we obtain are truly stable.
We now scale length in units of ffiffiffiffiffiffiffiffi = p D=A; time in units of D= A 2 À Á ; motor density in units of D= and the tubule density in units of ffiffiffiffiffiffiffiffi = p : The equations for bound and free motor densities reduce to
while the equation for the microtubule field T becomes [13] . The boundary conditions we use are the following: At the boundary, the orientation of all T vectors are fixed. They can all point either inward (reflecting BCs) or parallel (parallel BC's) to the boundary. The equations and the update scheme conserve the total number of motors (both bound and free), which we impose by requiring that at the boundaries, no current (separately of free or bound motors) flows into or out of the system.
We have studied the systematics of pattern formation in this model extensively. In Figs. 2 and 3 , we display two specific steady states obtained in our model for high motor densities in different regimes of parameter space. Fig. 2 displays a single aster while Fig. 3 [9] . This stabilization of single asters is a special feature of our model and provides an explanation for why asters and not vortices are more common in vivo. We predict a fairly complex distribution of motor densities in asters, in contrast to the simple exponential behaviour predicted by Lee and Kardar [9] . Our results, in the asymptotic limit, are power-laws modulated by exponentials, in which the length scale of the exponential decay and the exponent of the power law depend in a striking and non-universal way on parameters such as the hopping rates [11] .
We find that our configurations for values of " between 0 and 1, are more accurately described as spirals, rather than as vortices. We believe that such spiral solutions may be more generic. (Configurations generated in the experiments do, in fact, appear to resemble spirals rather than vortices.) Simple generalizations of this model are capable of generating a variety of additional steady states seen in the experiments, such as the ''lattice of asters'', in which vortices appear to be absent altogether. A more detailed description of our results will appear elsewhere [10] . We confine ourselves here to presenting results for pattern formation in a geometry which mimics that of the mitotic spindle.
Results
We begin with two preformed aster states placed at symmetrically located points in a 100 Â 50 rectangular lattice. These two preformed asters are set up by requiring that the T vector assigned to the four nearest neighbours of a central point (the centre of the aster) all point outwards from the centre.
We start from initial states in which all T vectors (other than the ones forming the preformed aster and the boundary vectors), are assigned a small initial length and random orientations. We spread the initial motor density uniformly on all lattice sites, dividing this density equally between bound and free motors. We then evolve our system of equations as discussed above till steady state, checking that the total motor density is conserved. For " ¼ 0; we see aster configurations nucleated about the two preformed asters, in addition to a separate aster, nucleated somewhat below the first two. For " ¼ 0:5; we see a spiral state nucleated about one of the preformed asters. For " ¼ 1; the prominent defect is a vortex located asymmetrically with respect to the preformed aster locations.
Interestingly, for larger values of "; we see fairly large regions of aligned microtubules. These run in opposite directions above and below the line joining the two preformed asters. Across this line, the tubule configuration locally changes fairly sharply to accommodate the sharp change in gradient. These configurations, with arrays of aligned microtubules running between the two preformed asters, have interesting similarities to the microtubule configurations obtained in the mitotic spindle, see Fig. 1 . This trend remains the same as " is increased further. Figures 5(a)-(d) show similar plots, with parallel boundary conditions. The steady state configurations in each case appear to be the same although vortices dominate for parallel boundary conditions, in contrast to asters for reflecting boundary conditions. The agreement of the systematics in these two cases suggests that our results do not depend sensitively on the nature of boundary conditions, especially if " is large enough. Figure 6 shows a grey scale plot of bound motor densities for the configuration of Fig. 4(d) . The free motor densities are qualitatively the same. In this plot, the darkest regions represents areas in which the motor density is low while the motor density is highest in the lightest regions. The total variation in motor densities in the plot is between 0.1 and 1.0. Note that the density profile is symmetric around the two preformed asters and the density of bound motors is low close to the poles.
Conclusions
This paper outlines a hydrodynamic theory describing pattern formation in mixtures of motors and microtubules. Our model generates several of the patterns seen in in vitro experiments, such as stable asters, vortices and both ordered and disordered mixtures of asters and vortices. Our intent in this paper was to see whether our model was capable of generating patterns similar to one complex, selforganized structure seen in cell division, the mitotic spindle. To this end, we presented results for pattern formation in a specific geometry designed to mimic some features of spindle formation.
To what extent is our model successful in obtaining the experimentally observed spindle structure? While we observe that proto-asters do tend to nucleate aster-like (more generally spiral-like) textures about them, the overall configurations, particularly at small " do not appear spindle-like. However, at larger "; we see a pronounced tendency for parallel alignment of microtubules in the intermediate region between nucleating centres. (Contrast, for example, Fig. 4(d) with Figs. 4(a)-(c) .) These configurations do bear some resemblance to patterns formed in the spindle, although the spindle is composed of interpenetrating microtubules of opposite orientations.
The patterns we obtain as stable steady states in this simplified model cannot be compared directly to spindle structures for the following reasons: First, our model ignores one feature believed to be relevant to spindle formation, the presence of both þ and À end directed motors. Generalizing our model to account for this is relatively straightforward, although this would require us to introduce two additional fields in our equations of motion. Second, complexes of þ and À end directed motors are believed to be relevant to spindle formation. Third, the role of the chromosomes in stabilizing the spindle structure is not incorporated in this model. In dividing cells, microtubules are stabilized through their interactions with a structure called the kinetochore which is present on the chromosomes. Finally, the stiffness of the microtubule fields to distortions in the absence of motors has been taken to be of XY type, since the microtubule itself is a polar structure. If a nematic stiffness is the dominant term, so that changing T ! ÀT locally does not change the energy, the features of microtubule orientation in the spindle may be more accurately reproduced. It remains to be seen if incorporating these features, in particular the last one, might enable us to capture, at least qualitatively, the essential features of spindle formation. We are currently studying this problem [10] .
The work reported here may be of relevance in pattern formation in mixtures of microtubules and one species of motor in vitro, in the background of fixed aster nucleating centres. Since the patterns generated are mesoscopic ones, models such as this may be useful in devising patterned structures at the micron scale, using constituents of nanometer size, a problem of some technological significance. We have also suggested, albeit implicitly, that it may be useful to think of mitotic spindle formation as a pattern formation problem, which can be modelled using continuum hydrodynamical equations in a small number of variables. The construction of an appropriate set of simplified equations with spindle-like structures as steady state solutions remains an outstanding problem.
